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This tutorial is concerned with examining how regression to the mean influences
research findings in longitudinal studies of clinical populations. In such studies
participants are often obtained because of performance that deviates systemati-
cally from the population mean and are then subsequently studied with respect to
change in the trait used for this selection. It is shown that in such research there is
a potential for the estimates of change to be erroneous due to the effect of
regression to the mean. The source of the regression effect is shown to arise from
measurement error and a sampling bias of this measurement error in the process
of selecting on extreme scores. It is also shown that regression effects are greater
with measures that are less reliable and with samples that are selected with more
extreme scores. Furthermore, it is shown that regression effects are particularly
prominent when measures of change are based on changes in dichotomous states
formed from quantitative, normally distributed traits. In addition to a formal
analysis of the regression to the mean, the features of regression to the mean are
demonstrated via a simulation.
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esearch in the field of communication sciences and disorders of-

ten entails the use of repeated measures performed on a sample

of individuals. In some cases these individuals are participants in
an intervention, and thus the measures are aimed at documenting re-
sponse to treatment. In other cases, the individuals are members of a
cohort being followed to document features of natural history or out-
comes. In each of these cases, the focus of the research is usually one of
change over time as reflected by measures performed at particular time
intervals. Research designs that use multiple measures to document
change are vulnerable to an important threat to their validity. This threat
is called regression to the mean. Although this term is well known, its
properties, the conditions that cause it, and its impact on data have not
been well documented. This tutorial is intended to provide an explicit
formalization of what regression to the mean is, why and when it will
occur, its effects on research outcomes, and, finally, ways it can be man-
aged in research.

Cook and Campbell (1979), in their book on quasi-experimental de-
sign, noted that regression to the mean depends on both the reliability
of a measure and on the degree to which a selected subgroup differs
from the population mean. Thus, to understand regression to the mean
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one must first understand the basis of test reliability or
its complement, measurement error. Additionally, one
must be aware that sampling a group of individuals
based on values of a measure that are systematically
above or below the mean creates the conditions for re-
gression towards the mean to occur. In this tutorial, the
formal mathematical mechanism for regression to the
mean is provided under the assumption of normal dis-
tribution. This mathematical treatment is provided to
promote understanding of the phenomenon and is not
intended to imply that regression toward the mean will
only occur when normality of distribution holds. Regres-
sion to the mean may occur for test scores for which
distribution is not normal, but the theoretical magni-
tude of its effect is more difficult to calculate than un-
der the assumption of normality. Secondly, we illustrate
by simulation how regression toward the mean can re-
sult in erroneous conclusions about change in perfor-
mance, that is, interpreting the change as true gains in
performance. Further, we show that regression to the
mean can generate the illusion of differential effects in
clinical subgroups. Finally, we show how regression ef-
fects can be controlled.

Measurement Error

As we noted, measurement error provides an im-
portant condition for the occurrence of regression to the
mean. Therefore, we need to explore the concept and
mathematics of measurement error. In behavioral sci-
ences, researchers and clinicians often need to measure
a characteristic of clients or research participants. In
such cases we assume that, at least theoretically, this
characteristic has a true value. For instance, there ex-
ists at the moment of measurement a true threshold for
hearing sensitivity, or a true vocabulary level. Accurately
measuring these characteristics is always desirable, but
all test scores contain measurement error, that is, the
obtained test score is not likely to be equal to the person’s
true score. A person’s true score at the testing time can
have only one value and therefore is fixed. However, the
person’s obtained test score is a sample from a distribu-
tion of a random variable. This distribution specifies
possible values for the person’s obtained test score and
a probability associated with each possible value. Thus,
even if we knew a person’s true score, which in reality
we can’t, we still wouldn’t be able to specify exactly what
score the person would get on a given observation. By
definition, a specific realization of a random variable
will vary, but the probability of getting a specific value
can be specified when the distribution of the variable is
known. The true score and measurement error variance
are the two parameters for the distribution of obtained
scores assuming normality. Figure 1 presents obtained
score distributions for an individual with true score ¢ on

Figure 1. Distribution of obtained scores given a true score. Shown
are two probability density functions of obtained scores for a true
score with a specific value t (the dashed vertical line). The dotted
curve represents a measure of + with a smaller magnitude of
measurement error—a more reliable test—than the solid curve.
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two tests. These two tests have different amounts of
measurement error variance. The narrow distribution
corresponds to a low-error test, and the wide one corre-
sponds to a high-error test.

In the classical measurement theory, the distribu-
tion of the test scores for a given person is assumed to be
normal with a mean equal to the person’s true score and
variance equal to the measurement error variance, as
shown in Figure 1. We acknowledge that the score distri-
bution may not be normal for those extremely low or
extremely high true scores, commonly called floor or
ceiling effect, but the skewness caused by this excep-
tion should not be prominent if the test is well devel-
oped and used age-appropriately. A specific test score
for a person is a random sample from his or her theo-
retical obtained test score distribution. This theoretical
distribution may be thought of as the set of scores ob-
tained from some large sample of measures in a circum-
stance where the person’s true score remains constant.
Thus, it can be seen that for an individual with a particu-
lar true score (7)), the obtained score X is solely deter-
mined by the particular value of the measurement error
on the occasion of testing. This can be stated formally as

XI(T=t)=t+e.

That is, the obtained score (X) equals the true score (¢)
plus error (e).

When the measurement error variance of the test is
large, the distribution will be spread out, and the single
observation will have more chance to be far away from
the distribution mean, that is, the person’s true score.
On the other hand, when the measurement error vari-
ance is small, the distribution of a person’s obtained test
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score will be narrow, and the person’s obtained score
will be more likely to be close to the distribution mean
(i.e., the person’s true score). In the extreme case in
which the measurement error variance is 0, the distri-
bution of a person’s obtained test score converges to a
single value, which is the person’s true score. Sampling
from this distribution, the probability of getting the true
score is unity and getting any other score is null. In the
extreme case in which the measurement error variance
is infinite, the distribution of a person’s obtained test
score is flat, and a sample from this distribution will
have nothing to do with the person’s true score.

Test Reliability

A good test should have a small measurement error
variance relative to the true score variance. In fact, the
ratio of true score variance to the obtained score vari-
ance has been defined as test reliability. Reliability has
typically been obtained by computing the correlation
coefficient between repeated measures of the same or
parallel tests, referred to here as X and Y. The correla-
tion between X and Y is mathematically equivalent to
the proportion of true score variance in the obtained
score variance where X =T + e, and Y = T + e,. The
common assumptions for the variables in these two equa-
tions are that e, and e, are not correlated to T', nor are
they correlated with each other. The variance of X is
assumed to be equal to the variance of Y because they
are equivalent forms of the same test. Then, we have

Cov(X,Y) Cov(T +e,, T +e,)
p,= ————=
"V Var(X) Var(Y) Var(X)

Cov(T, T) + Cov(T, e,) + Cov(ey, T) + Cov(ey, e,)
- Var(X)
_Var(T)+0+0+0

Var(X)

- Yar() _ reliability ,

Var(X)

where Cov(X, Y) is the covariance between X and Y,
Var(T) is the true score variance, Var(X) is the obtained
score variance, and p,, is the correlation between X and
Y. Thus, although we cannot estimate the variance of 7'
directly, the correlation between X and Y (p,,) is an esti-
mate of the ratio of true score variance to the obtained
score variance (reliability).

Regression Toward the Mean

As we noted earlier, measurement error is a key
factor in understanding regression to the mean. Con-
sider the situation where we have a random sample of

examinees, all of whom have the same true score de-
picted in Figure 1. Although we see that the obtained
scores are normally distributed around this true score,
the average measurement error in the sample will ap-
proach 0 when the sample size is large because overes-
timation and underestimation will be cancelled out in
the sum of different observations.

The distribution of X given T = ¢ is a normal distri-
bution with the mean equal to ¢ and variance equal to
the measurement error variance assuming that the test
does not have a serious floor or ceiling effect. However,
the reverse is not true, and it is this situation that leads
to regression to the mean. For a sample of individuals
with a given obtained score that is either greater or lesser
than the population mean, the mean of the true scores
is not equal to the obtained score. In fact, as shown in
Appendix A, the conditional distribution of 7' given X =
x is a normal distribution with mean (i.e., expectation
of T [ET]) equal to the product of the reliability times x.
Thus, the true score mean for those individuals with
the same obtained score x is closer to the population
mean than x. Appendix A provides the mathematical
proof for this. Specifically, the expectation of T' given X
= x is the product of x times the test reliability. In Fig-
ure 2, we display distributions of true scores given that
the obtained score is equal to x, and x,. If two groups of
individuals were selected to have particular values (for
one group X = x, and for the other X = x,), and then the
true score for each individual in these two groups was
revealed, the true score mean would be shifted relative
to the values of X. In each case the shift of true scores
would be toward the mean of the distribution of X. As
noted above, this shift is a function of the reliability of
the variable X and the particular value of x, and x,, dem-
onstrating that selecting obtained scores that deviate from
the mean comprises a biased sample of measurement
error such that the underestimation and overestimation
of the true score cannot cancel each other. This bias is
systematic in that more individuals’ obtained scores have
error away from the population mean than toward the
population mean. Recall that the true score for any indi-
vidual represents the hypothetical mean of that person’s
universe of obtained scores (i.e., the mean of all possible
obtained scores). Because the obtained score distribution
is normal with a mean equal to the person’s true score,
sampling from this distribution is more likely to yield a
score close to the mean (i.e., the true score) than a score
away from the mean. Thus, if this person is re-assessed
(i.e., sampled from the distribution again) our best guess
would be a score (y) equal to the person’s true score, which
is closer to the population mean than x. Thus, the person’s
next obtained score would more likely shift toward the
population mean than away from the population mean.
This is in fact the phenomenon of regression towards
the mean (Blommers & Forsyth, 1977, pp. 492—496).
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Figure 2. Shift of true score means relative to given values of obtained scores. Also depicted are the
distribution of obtained score X and two distributions of true scores, with means denoted by dashed vertical
lines, for individuals sampled because of a specific obtained score x, and x, (bold vertical lines).
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We have just shown that an individual’s obtained
score is likely to regress toward the mean on a second
testing. It should not be surprising then to find that re-
gression toward the mean also shows up when a range,
rather than a specific value, of obtained scores is con-
cerned (i.e., classifying individuals into subgroups ac-
cording to their obtained scores). Assume that different
subgroups were defined on X (e.g., X <a or X = a) and
only the subgroup with X < a was subsequently given
another alternate form of the test (call the score from
this form Y). The question is, then, what should we ex-
pect on Y for this subgroup of individuals, assuming that
X and Y are from two equivalent test forms and no true
changes in the measured characteristic have ever oc-
curred between the two test times? One may be tempted
to say that this subgroup will get the same mean score
of Y as the mean score of X, thatis, E(Y | X <a)=EXI|X
< a). That is, the expectation of Y given X < a is equal to
the expectation of X given X < a because the two tests
are equivalent and X and Y are from the same individu-
als. However, this is incorrect for two joint reasons: the
test is not perfectly reliable (0 < p,,, < 1) and this sub-
group had been selected to be low on X. Whenever these
two conditions are met, E(Y | X <a) > E(X1X < a) rather
than E(Y|X < a) = E(X|X < a), meaning that the mean
of Y theoretically will be greater than, not equal to, the
mean of X.

The effect of regression toward the mean for a se-
lected range of X is mathematically inherent, which is
shown in Appendix B. The amount of regression toward
the mean is —(1 — pxy)E(XlX <a). If p,, is very close to 1
(i.e., the test is almost perfectly reliable), (1 — p,)is close
to 0 and the amount of regression, —(1 — pEX X <a),
will be close to zero so that E(Y X < a) will be close to
the mean of X given X < a, E(X|X < a). If, on the other

hand, p,, is very close to 0 (i.e., the test is unreliable),
there will be a great amount of regression, —-E(X|1X <
a), so that E(Y1X < a) will be close to the population
mean, 0. Thus, individuals sampled because they ob-
tained scores in a certain region above or below the mean
are likely to shift toward the mean just as was shown
for individuals sampled at one particular point on the
distribution.

Effects of Regression on Research
Results

Failure to appreciate the influence of regression to
the mean can result in researchers misinterpreting
their findings. In such studies, the research interest is
typically concerned with the extent to which a group
who was selected at Time 1 (T1) because of low or high
scores on some measure (X) of a trait we refer to as M
have changed with regard to the trait M at Time 2 (T2).
The outcomes in these studies may be examined in two
ways. One way is to compute the mean score of the
group on a measure of trait M using a second measure
Y at T2 and contrast it with the earlier mean score on
X. Thus, change is represented as the difference be-
tween Y and X. Alternatively, the outcome at T2 may
be the clinical status of each member of the group (af-
fected, unaffected) with respect to the clinical trait M
due to their having a score on Y that is above or below
some threshold value (a). In this latter case the inter-
est is whether a group selected because of scores ex-
ceeding the threshold for M contains some proportion
at T2 who are no longer affected, that is, determining
the rate of individuals crossing the threshold between
T1 and T2. In such research, an intervention may or
may not be provided during the interval between T1
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and T2. If no intervention is provided, the change may
be viewed as growth or recovery. If intervention is pro-
vided, the change may be viewed as response to treat-
ment. In all cases, the measure of change is viewed as
evidence for a true change in the trait being studied.

It should be clear from the description of regression
to the mean in the prior section that all these research
designs are vulnerable to an erroneous estimate of the
magnitude of true change. In addition, however, the re-
gression effect will produce artifacts that suggest dif-
ferential amounts of change in subgroups that may also
be erroneous. First, let us consider the case in which
change is measured as a change in mean scores. Using
the formula derived in Appendix B,

EYIX<a)=p EXIX<a)>EX|X<a),

one can compute the expected mean score on the out-
come measure Y, E(Y | X <a), if the reliability (o, ) of the
test and the initial mean score of the group, EX 1 X < a),
are known. Let us assume a very reliable measure, such
as one with a reliability of .90, and a mean of X for the
selected group at —2, then the mean of Y, the follow-up
measure for this group, will be —1.8 [the regression
amount is —(1 —.90) x (-2) = 0.20]. The 0.20 change from
X to Y is due entirely to the regression effect and yet it
would be tempting to conclude that this represents a
true change in our trait M. This amount may not seem
particularly large, but few of our measures are as reli-
able as this one, and with a reliability of .85, the change
would be 0.30. Because these values are in z-score units,
this 0.30 represents nearly a third of a standard devia-
tion and, therefore, constitutes an effect size that would
often be found to be statistically significant. If we look
at the formula used to compute the magnitude of the
regression, we also see that one of the terms refers to
the average level of the group on our trait M in z-score
units. In the example above, a value of —2 was selected;
thus, the group was an average of 2 SDs below the mean.
If the group was selected such that they averaged 3 SDs
below the mean and the reliability of the measure was
.85, the magnitude of the change due to regression to
the mean would be 0.45, or nearly a half a standard
deviation in apparent change when no change in the
true trait actually occurred. This example also shows
that if we were interested in comparing two clinical
groups, one selected with a lenient diagnostic standard
and one with a more stringent diagnostic standard, we
would find that the magnitude of apparent change for
the more severely affected group would be greater than
for the less severely affected group.

We have shown that where research is concerned
with changes in mean scores, the regression effect can
be modest. In research designs concerning changes in
discrete clinical states, the illusory recovery rate due to
regression effects can be dramatic. We can show this by

computing the illusory recovery rate, using the approach
described in Appendix C. In our earlier example of a
change of mean z score of 0.20, where the correlation
between X and Y'is .90, it can be predicted that the false
recovery rate would be 35.2%. Thus, nearly a third of
the original cases who were thought to be affected on
the X measure were determined to be unaffected on the
Y measure. This change in status, however, was not due
to any changes in true scores on the trait underlying X
and Y. Thus, even with highly reliable measures, regres-
sion to the mean can produce rather substantial errone-
ous estimates of recovery. Why is this so?

As shown in Figure 3a, this is because a group
sampled because they have scores on X that are below a
cut-off such as —1.14 usually does not form a regular dis-
tribution, such as a normal distribution. Instead, the den-
sity right below —1.14 is much higher than further away
from this cut-off point. Among those individuals who had
a score right below the cut-off, many may have a true
score above the cut-off. The small difference between their
obtained scores and their true scores is enough to make
them false-positive cases. On the other hand, not all those
affected on X but unaffected on Y were true false posi-
tives because Y is not the “gold standard.” Some of them
may be true positives to begin with, but became false
negatives on Y. No matter which is the case, the key point
here is that X and Y are measuring the same true score
and the true score has never changed from X to Y. All
affection status changes were due to measurement er-
ror; those individuals with scores right below the cut-
off—milder cases—were more prone to the status change.

It may appear that we have reached contradictory
conclusions when talking about the interaction of se-
verity and the effects of regression to the mean. We just
stated that among a group followed for recovery rate,
false recovery would be concentrated in the milder cases.
Earlier, we noted that a group of more severe cases is
more likely to show greater rates of false change in mean
scores than a group selected because they are generally
milder cases. These are not contradictory statements.
In the first case, we considered sampling two groups
based on different values of @ and showed that the mean
score of the more severe group would have greater re-
gression than the mean score of the less severe group.
In the second case, we considered the situation where a
single group was selected due to scores below some cut-
off (a) and later evaluated to determine how many in
the group had scores Y > a. Here the measure of change
was the proportion of individuals who in the first case
had scores < @ and moved to the other side of the cut-off
on Y. In this situation, the milder cases were more likely
to contribute to this change. The effect of regression to
the mean can be complicated; only by thoroughly un-
derstanding the basis of this effect can one identify when
and how it may affect a particular research design.
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Figure 3. The empirical distributions of the simulated data for (a) diagnostic measure X, (b) baseline Z, (c)
follow-up Y, and (d) the true score T for the group with X <=1.14 SDs (N = 1,215). The mean for the
distribution is denoted by a vertical line within the distribution. The long vertical line across the four

distributions corresponds to —1.14.
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Knowing that the results are prone to erroneous evi-
dence of change is a first step toward managing this
effect in research.

Approaches to Controlling
Regression to the Mean

We have shown above that if a group is sampled
because members of the group possess scores on X such
that X < a, their subsequent mean score on Y will be
higher than the mean X score. Then how can one distin-
guish between regression toward the mean and true
improvement? As we noted in the introduction, there
are two classes of longitudinal research where regres-
sion to the mean can affect results. In each of these
cases, the interest is in measuring true change in the
participants. One type of longitudinal design asks
whether an intervention is associated with change. In
such a study, regression effects can be controlled by
randomly assigning participants to a treatment or con-
trol arm of the study. If the measure used to select the

participants is used as the pretreatment baseline against
which posttreatment effects are compared, both groups
should regress to the mean. The treatment effect will be
seen as an interaction between pre—post measures and
group, or as simply the group difference in the posttreat-
ment measure if the randomization had achieved bal-
ance in the pretreatment measure. That is, the treat-
ment effect will show up as an additional amount of the
pre—post contrast unique to the treatment group.

Some longitudinal designs do not involve an inter-
vention. In these cases it is not possible to use a control
group to manage the regression effect; such studies are
often concerned with patterns of growth or recovery in
untreated clinical populations. As there is no logical con-
trol group available in this design, we need an alterna-
tive. A solution in such studies is to keep the measures
used to select participants separate from the measure(s)
used as baseline measure(s). Remember that the regres-
sion effect occurs as a result of sampling. If you sample
on one measure and track change using a separate
baseline measure, the bias from the sampling will not

Zhang & Tomblin: Regression fo the Mean 1345

Downloaded from jslhr.asha.org on May 10, 2010



be present on the baseline measure. Below, we show that
in such a case the baseline measure will provide an un-
biased estimate of initial levels of performance, even in
a group that is low or high on the trait measured by the
baseline measure.

To begin, let us designate three measures. These
measures will be the diagnostic measure (X), the baseline
measure (Z), and the follow-up measure (Y). These mea-
sures could consist of the same measurement instrument
or method, or of parallel forms, but ideally they are all
highly correlated and measure the trait equally well. We
use X to select our participants. Therefore, as we have
shown, the scores on X will be biased estimates of the
true scores of this sample and thus will be prone to re-
gression effects. Z (the baseline) should be administered
at the time when the participants begin the longitudinal
study. Finally, at T2, the follow-up measure Y is obtained.
Although X and Z both contain measurement error, only
X scores contain a biased sample of measurement error
for this sample of participants. The distribution of Z scores
is unbiased because no sampling operation was performed
on these scores. Note that this design will only work so
long as no selection of participants was done based on
the baseline (Z) score. It is very tempting for a researcher
to “clean up” a sample of individuals at entry into the
longitudinal study using the baseline data. By doing this,
the researcher will reintroduce regression effects. With
such a design, one can measure the rate of change by
computing the difference between Y and Z. This differ-
ence would represent unbiased estimates of true change
over this time. This design also would permit a measure
of recovery rate. To do this, the rate of cases based on the
baseline Z measure would be compared with the rate of
cases based on the outcome Y measure. Only if these rates
are significantly different would we consider the exist-
ence of a significant true recovery and that this differ-
ence represents an unbiased estimate of recovery rate.

One way we can demonstrate that such a design
can control for regression to mean effects is by simula-
tion. The advantage of simulation is that we know what
the true scores are for a group of hypothetical partici-
pants. Within this simulation we attempt to parallel
research problems we have encountered in our research
on specific language impairment. Thus, we are simulat-
ing a longitudinal follow-up of a hypothetical group of
children with language impairment.

Method
Simulated Samples

In this simulation, we assumed that the true scores
(T) of the trait measured by a test with a reliability of
.90 followed a normal distribution. Three equivalent
forms of the test were given. The target intercorrelation

between the three test scores was the test reliability (i.e.,
.90). The simulation sample size was 10,000, and each
of the individuals was assigned a true score and three
obtained scores.

The three test forms were given on three occasions
(one at a time), representing a diagnostic observation
(X), a baseline observation (Z), and a follow-up observa-
tion (Y). In this simulation, the true score for an indi-
vidual remained the same across the three measures,
but measurement error for three measures was inde-
pendent. The test reliability (.90) determines the
intercorrelation of X, Y, and Z. The only source of varia-
tion across these three measures, within an individual,
was random measurement error.

The sample was generated using SAS/IML. The
simulation process was as follows:

1. A true score was generated for each of the 10,000
individuals by sampling from a normal distribution
with mean of zero and variance equal to the test
reliability value (.90). In real life, each individual
has an inherent true characteristic value, though it
is unobservable.

2. An obtained score, X, was generated for each of the
10,000 individuals by sampling from a normal dis-
tribution with a mean equal to the individual’s true
score generated in Step 1 and variance equal to 0.10
(the error variance = 1 minus the test reliability, .90).
Thus, X ~ n(0, 1), which means X follows a standard
normal distribution. Because this score was used for
diagnosis, we designated it as a diagnostic measure.

3. Each of the 10,000 individuals was diagnosed based
on the obtained score, X. Individuals with an ob-
tained score (X) below —1.14 were diagnosed as hav-
ing language impairment, simulating a criterion we
used in diagnosis of language impairment (Tomblin,
Records, & Zhang, 1996).

4. For those individuals with language impairment,
two additional obtained language scores, Z and Y,
were generated following the method described in
Step 2. Variable Z was designated as the baseline,
and Y was the follow-up. The population correla-
tion between X, Y, and Z was set to be equal to the
test reliability. To check whether the correlation was
desirable, these scores were generated for those with
normally developed language in the same manner
as for individuals with language impairment.

Statistical Analysis
Descriptive Statistics

The means and standard deviations for the three
obtained language scores (X, Z, and Y) and the correla-
tion among these variables were calculated. These
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statistics provided a check to show that the data gen-
eration routine had worked as desired.

Regression Effect on the Group
Mean and Illusory Recovery

The mean of X for the group with language impair-
ment was compared to the mean of Z and Y. The rate of
change from language impairment on X to normally
developed language on Z and on Y was also obtained.

Results
Descriptive Statistics

X, Y, and Z scores in this simulation were gener-
ated as samples of a standard normal distribution, n(0,
1), meaning that the sample means should all be close
to 0 and the standard deviations should all be close to 1.
Data in Table 1 show that the sample means and stan-
dard deviations were very close to these values. Thus,
the simulation routine did generate data sets that con-
formed to our expectation. The sample correlation of X
with Y and Z was .896 and .897, respectively, which was
very close to the target reliability of the test. Thus, the
covariance among the measures was also as expected.

Change of Mean From Diagnostic
to Baseline and Follow-Up Tests

The distributions of obtained score X, Y, and Z and
the true score T for the group of 1,215 individuals with
X <-1.14 are shown in Figure 3. Figure 3a is the distri-
bution of X for the group selected on X (i.e., X < —1.14;
that is why there is no density above the long vertical
line corresponding to —1.14). The mean of X for this group
of individuals, designated by the short vertical line in
Figure 3a, was lower than the mean of Z (baseline mea-
sure), Y (follow-up measure), and T (true score), desig-
nated by the short vertical lines in Figures 3b, 3¢, and
3d, respectively. Thus, the diagnostic test is a biased
estimate of the true scores for this group and the baseline
and the follow-up are unbiased. The data in Figure 3
show that from the diagnostic test (X) to the baseline

Table 1. Means and standard deviations of scores generated for
the measure of a hypothetical trait T for a sample of 10,000
individuals across three observations.

Variable M SD
X -0.00376 0.983
Y -0.00254 0.987
4 -0.00434 0.986

Note.  Test reliability is .90

test (Z) or the follow-up (Y), there was a noticeable
amount of change in the direction of the population mean
of zero, but there was little change from Z to Y. This
says that with a constant true score (7)) there won’t be
significant change from the baseline measure to the fol-
low-up measure, but there will be a significant change
from the diagnostic to the follow-up without any true
score changes. Thus, the change from the diagnostic to
the follow-up is a false indication of improvement.

lllusory Recovery From Diagnostic
to Follow-Up

Because of regression toward the mean, shown in
Figure 3, we can predict some apparent recovery from
initial diagnosis to the follow-up diagnosis. That is, there
will be some individuals diagnosed as having language
impairment on X (diagnosis; X < —1.14) but normal on Y’
(follow-up; Y > —1.14) when we use the same cut-off value
for diagnosis at both time points. This prediction was
confirmed; results are shown in Table 2 and Figure 3.
The simulation showed that 348 (28.64%) of the 1,215
initially diagnosed as having language impairment were
classified as having normally developed language at
baseline, and a similar number were diagnosed as nor-
mally developing at follow-up. Illusory recovery is shown
as the part of the distribution right of the long vertical
line corresponding to —1.14 in Figures 3b and 3c. Note
that unlike the continuous variable where the follow-
up test mean was very close to the true score mean, the
proportion of normally developing individuals at the fol-
low-up was much higher than the true proportion. This
difference is explained below.

Discussion

The purpose of this simulation was to provide an
idealized example of how regression to the mean gener-
ates patterns in data that may be erroneously interpreted
as evidence of improvement. The simulation provided a
concrete example of some of the points made earlier.

Table 2. Number and percentage of individuals initially diagnosed
as having language impairment who regressed to language
normal status at baseline and at follow-up, and the number and
percentage of true language normal status among this group.

Normal at Normal at True status
baseline follow-up is normal
N n % n % n %

1,215 341 28.07 348  28.64 262 21.56

Note. N = number impaired at diagnosis; numbers normal at
baseline, at follow-up, and in true status are out of N.
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First, it showed that the mean score of X was a biased
estimator of the true score of the sample of children who
had X scores below —1.14. In the real world one can never
know what the true scores should be, but in a simula-
tion we have the luxury of knowing this. Thus, we can
state that the basis for this bias is that the process of
sampling children with low scores oversamples instances
in which the obtained score on X is below the true score
T. The magnitude of this bias in the estimate of the mean
true score would increase as test reliability decreases
(see Appendix B).

Another feature of the simulation was shown in the
analysis of recovery. We noted that even when the re-
gression effects appear to be small with regard to esti-
mates of mean scores, change in a dichotomous outcome
could appear large. This pattern is well exemplified in
the case of the simulated test, which had a reliability of
.90—a level of reliability that is viewed as very desir-
able for measurement purposes. Even with such a mea-
sure, more than a quarter of the initial cases turned out
to be rediagnosed as within normal range on Y. Thus,
on a second examination, these cases appeared to have
improved, when in fact they were either incorrectly di-
agnosed to begin with or were incorrectly classified on
Y. It is difficult to achieve high levels of diagnostic accu-
racy when the latent trait is actually a quantitative trait.
Dichotomizing a continuous trait based on scores that
deviate from the population mean may result in rela-
tively high levels of classification error.

The simulation also showed that by including a sepa-
rate baseline in a longitudinal design it is possible to
control for the regression effects. If the baseline mea-
sure is used as the measure of initial status and the
follow-up measure is contrasted with this baseline mea-
sure, it is possible to obtain an unbiased estimate of the
extent to which there was a change in the true scores of
the participants. It is important to emphasize that the
baseline measure is not a better measure of the latent
trait M than is the diagnostic measure X. In this case
they were simulated to have the same quality. The rea-
son that the Z measure was unbiased and the X mea-
sure was biased was because the selection operation was
performed using X to form the sample of individuals with
language impairment. This shows that once individu-
als have been placed into the cohort to be followed, they
cannot be excluded due to their performance on the
baseline or any subsequent measure. Sampling on mea-
sures that are also used to monitor change is the key
source of the regression effect and thus must be avoided.

As we noted earlier, in this simulation we knew what
the true score was for each of the simulated individu-
als. In a real world research situation, we often want
to be able to do the same thing. That is, we often want
to determine which members of a sample are true cases

or which individuals have truly changed due to treat-
ment or recovery. It would be tempting to view the de-
sign just presented as offering a solution to this. That
is, because the baseline provides an unbiased estimate
of the true score, can we then look at those individuals
who had scores below —1.14 and say that they are true
cases? In fact, we can’t. Recall that Z was no better a
measure of M than was X. Although the mean of Z is an
unbiased estimator of the mean of the true score 7', any
given observation z selected because it falls below some
cut-offis likely to be a biased estimate of z. Thus, we can
never know the true status of an individual.

A Dilemma in Categorical
Diagnosis

The simulation and mathematical proofs have
shown that the mean test score on a measure such as Z
is an unbiased estimator of the true score for the group
with X < —1.14. That is, the mean of this score will be
equal to the true score mean for this group. However,
the simulation also revealed a paradox. If a categorical
diagnosis is made on this new measure, the rate of
noncases, or individuals considered normally develop-
ing, will not be equal to the rate of noncases in the true
status (as shown in Table 2). The percentage of indi-
viduals diagnosed as normally developing on follow-up
is much higher than it should be (348 vs. 262) when the
true scores were used for diagnosis. Why is the mean
score an unbiased estimator of true score mean, but the
rate of normal status is not? The expectation of the ob-
tained score is the person’s true score if he or she was
not selected for having a low or high obtained score.
Overestimation and underestimation of a given true
score will be cancelled out when the mean score is cal-
culated. However, for the categorical (binary) diagno-
sis, the only thing that matters is whether the value is
below or above the cut-off point. For the rate of normally
developing individuals on Z to be the same as on T (true
score), there must be the same number of individuals
with two types of misdiagnosis: false positive and false
negative. Note that individuals who have a true status
of “normal” are candidates for false positive, whereas
those with a true status of “impaired” are candidates
for false negative. As shown in Table 2, among the 1,215
diagnosed as impaired on X, 262 had a true status of
normal and 999 had a true status of impaired. Thus,
the diagnosis on Z or any other measures, when applied
to this sample, will generate many more false nega-
tives than false positives and hence overestimate the
rate of normal, or recovery rate. Nevertheless, if rate
change across time, such as from Z to Y or one follow-
up to another, is of concern, then the overestimation of
recovery in the two measures should be canceled out in
the difference between the two measures. In this sense,
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the baseline measure is still useful for tracking status
changes, though the rate at either point is not an unbi-
ased estimator of the absolute true rate of recovery.

Conclusions

This tutorial was intended to fully explore the na-
ture of regression to the mean and ways in which it can
be managed in research designs that involve repeated
measures of participants who have been sampled be-
cause they deviate from the mean on some trait. We have
shown that the basis for regression to the mean is quite
straightforward, but the ramifications of this effect can
be considerable and sometimes subtle. An understand-
ing of the nature of regression to the mean will allow
researchers to avoid its effects on their results.
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Appendix A (p. 1 of 2). Bivariate normality of joint distribution of X and Tor X and Y and conditional distributions.

Let the true score be denoted as T and the scores from two
alternate forms denoted as X and Y. Assume that the two
obtained scores have been standardized into scores with mean
of 0 and standard deviation of 1. Assume further that the
reliability of the test is p,,, the correlation between X and Y.

The conditional distribution of X or Y given T = tis normal
with mean of t and variance equal to the measurement error
variance, (1 = p,), thatis, X|(T=t) or YI(T=1t) ~ n(t, (1 -
Py ). Because the variance of X or Yis 1 and the reliability is
the proportion of true score variance in the obtained score
variance, the variance of Tis p,,. Thus, we have

)= 1 o) (x—t)
m\/l—l)xy 2(1- pxy)

e 1 (y-1)
=0 o ex"{‘zu—pxy)}

F(x|T=t

F(t)= ] exp{— 4 }
Fiion P\ 200
The probability density of the X and T joint distribution is
F(x,t)=F(x|t)f(t)

1 Pxy (X2 =2xt+12) + (1= pyy )1
2n\/pxy(]—pxy) 20, (1= Py )

2
] ! (x2+f——2xf]}.

:2n\/pxy(1—p)2(r)exp{_2(]‘ﬁ’xvx Pxv

The correlation between X and T squared, p)z(r, is the variance of Tor
test reliability, p,,. Hence,

1
2no .0, (1 - p)z(T)

et 2]

(because 0% =1, 67 = p,,, and pgr = p,, ).

f(x,t)=

This is the density function for a bivariate normal distribu-
tion of X and T (Casella & Berger, 1990, p. 167). Y is equivalent
to X, so the joint distribution of Y and Tis bivariate normal too.

It can be shown that X and Y jointly follow a bivariate
normal distribution with density function

1 1
F(x,y)= - 2+ y?-2p; .
be) 2n1- eXp{ 2(1-piy)(x 4 pxyxy)}
Proof:
On the basis of independence between X and Y given T=t,
Fox,y IT=t)=F(x|T=t)f(y|T=t)

(x—)‘)2+(y—t)2
2(1- pyy)

21‘[(]—pxy)eXP{_
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Appendix A (p. 2 of 2). Bivariate normality of joint distribution of X and Tor X and Y and conditional distributions.

f(x,y,f)zf(x,y|T=f)f(f)

_(x—l‘)2+(y—)‘)2
2(1- pyy)

2n<1—pxy)eXp{

1 ¥
.7ex _——
‘/%\/pXY P{ 2ny}

3 1 exp{— x2+y2 }
2“(]_pXY)m\/pXY 2(1- pyy)
-2 p)g (x+y)t

ex XY
P 2pXY(]_pXY)
(T+ oxy)

F(x,y)= Jif(x,y,t)df

s eyt 20m)
2n\1- ply 2(1- pky)
which is the density function for a strandard bivariate normal

distribution.

Given that X and T jointly follow a bivariate normal
distribution, the conditional distribution of T given X = x is

n (P %, Py (1 = pyy)), @ normal distribution with mean of the
test reliabiriry times x and variance is p,, (1 = p,, ). Because 0 <
Py <1, the mean of the distribution, Pyy X, is closer to the
population mean, O, than is x.

As shown above, X and Y dlso jointly follow a bivariate
normal distribution. The conditional distribution of Y given X =
X is

n(pex, (1= pg)) .
This is a normal distribution with mean of p,, x and variance of
(1= o).

Because O < p,, < 1, the mean of the distribution, p,, x, is
closer to the population mean, O, than is x.

Note that the mean of the conditional distribution of T
given X = x is equal to that of Y. This is why a baseline
measure, an alternate form test or refest score, can be used as
an unbiased estimate of the true scores for the group selected
on X (diagnostic test scores). This mathematical formalism is
based on the assumption of univariate normality of the
distribution of X, Z, and Y given T, which also is normally
distributed. This assumption makes the formulation easier, but it
is not a necessary condition for regression toward the mean to
occur. This statement also applies to Appendixes B and C that
follow.

Appendix B. Regression toward the mean causes illusory performance improvement.

It has been shown in Appendix A that X and Y follow a
bivariate normal distribution. Both X and Y have been trans-
formed into a standard normal scale (mean of O and standard
deviation of 1). Let the probability density of X, Y, and (X, Y)
jointly be denoted as f,(x), f,(y), and f(x, y) respectively. To
show that regression toward the mean caused illusory perfor-
mance improvement is to show that E(Y1 X < a) > E(X| X < ),
which reads that the expectation (i.e., mean) of Y given X< a
is greater than the expectation of X given X < a.

[ A ey )dyele
[° 7 F(xy)dye

[ (prx+e)F (x, )y
[ F(x)d

E(Y|X<a)

(y = p,yx + e where e is the regression residual)

[ (x+e)[ F(x,y)dyee
J.:,FX(X)CIX

Jipxyxfx (x)dx+_‘iefx (x)dx
B _Iifx (x)dx
>E(XIX<a)ifO<p,,<1and E(XIX<a)<O.

Because the population mean is 0, the mean of X with those Xs
= a excluded must be less than zero. Therefore, 0 < p_< 1 and
E(XIX < a) <0 entails E(YI X< a) = prE(X|X< a)> E(XIX<
a), that is, regression toward the mean ‘occurs for the group

selected based on X < a.

=pyE(X|X<a)
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Appendix C. Calculation of illusory recovery rate.

The density function of Y given X< ais

f(ymnx<a)
Fi(a)
_ Pr(x<aly)f (y)
Fi(a)
_ FXl(Y:y) (a)f (y)
F(a) '
Jlal is the cumulative distribution function for XI(Y

f(ylx<a)=

where F,, Yo

=y ~nlp, y (1~ %)), fy(y) is the probability density function

for Y ~ n(0, 1), and F(a) is the cumulative distribution function
for X ~ n(0, 1).

The illusory recovery rate is

J.:f(y|x<a)dyA

Note that, as long as p,, < 1, the probability of Y being greater
than a given X < a will be greater than 0. Thus, illusory
recovery will be most likely to occur when the test is not
perfectly reliable.
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