
Abstract. The partial Hessian vibrational analysis
(PHVA), in which only a subblock of the Hesssian
matrix is diagonalized to yield vibrational frequencies
for partially optimized systems, is extended to the
calculation of vibrational enthalpy and entropy changes
for chemical reactions. The utility of this method is
demonstrated for various deprotonation reactions by
reproducing full HVA values to within 0.1–0.4 kcal/mol,
depending on the number atoms included in the PHVA.
When combined with the hybrid effective fragment
potential method [Gordon MS, et al. (2001) J Phys
Chem A 105:293–307], the PHVA method can provide
(harmonic) free-energy changes for localized chemical
reactions in very large systems.
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1 Introduction

One of the most computationally demanding aspects of
calculating a reaction free energy using electronic
structure theory is the calculation of the vibrational
energy and entropy contributions. The computational
expense is incurred by the calculation of the matrix of
second energy-derivatives (i.e. the Hessian or force
constant matrix) which yields harmonic vibrational
frequencies upon diagonalization. The analytic compu-
tation of the Hessian matrix requires the evaluation of
about 9 times as many atomic orbital integrals compared
to an energy evaluation, as well as a partial integral
transformation (to solve the coupled-perturbed Hartree–
Fock equations) that requires significant amounts of
memory and disk space. The numerical (finite-difference)
computation of the Hessian requires a minimum of

3N + 1 energy and gradient evaluations (where N is the
number of atoms), and usually 6N + 1 energy and
gradient evaluations for acceptable accuracy. Thus, the
computation of the Hessian quickly becomes computa-
tionally intractable as the size of the system increases.

If only a single localized vibration is required, part
of the potential-energy surface can be constructed
by moving a selected atom or group of atoms and
deriving the associated numerical force constant
explicitly. This practice has been especially common in
the study of the vibrational motion of adsorbates on
surfaces. [1] For polyatomic adsorbates this method can
be generalized by constructing and diagonalizing the
appropriate subblock of the Hessian. This approach,
referred to hereafter as the partial Hessian vibrational
analysis (PHVA), has been popularized by Head [2] for
the study of surface chemistry. However, whether the
PHVA can also yield accurate vibrational enthalpy and
entropy changes for chemical reactions has, to our
knowledge, not been tested. This issue is addressed in this
article, which is organized as follows.

First, we review the PHVA method, propose some
modifications, and discuss some additional consider-
ations related to the computation of the vibrational
enthalpy and entropy. Second, we apply the method to
proton transfer and abstraction reactions involving
acetic acid, a-amino tridecanoic acid, and the glycyl-ly-
syl-glycine (GKG) tripeptide. The latter case presents an
extension of the PHVA method to a hybrid quantum
mechanical/molecular mechanical (QM/MM) descrip-
tion of a molecule. Finally, the results are summarized
and future applications of the PHVA are discussed.

2 Theory

2.1 Review of full numerical Hessian computation
and vibrational analysis

Consider a molecule, A, consisting ofN atoms, each with
nuclear chargeZi, Cartesian coordinate qi(0), and massmi,

A ¼ Zi; qið0Þ;mif g; i ¼ 1; 2; 3; . . . 3N : ð1ÞCorrespondence to: J.H. Jensen
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We assume that A is at a stationary point, so the
energy gradients are zero,

gið0Þ ¼
oE
oqi

� �
qið0Þ

¼ 0 : ð2Þ

The matrix of energy second derivatives (the Hessian,
K) can be computed numerically (in practice K is always
symmetrized: Kij ¼ Kji ¼ (Kij + Kji)/2),

Kij ¼
o2E

oqioqj

� �
qið0Þ

� giðþjÞ � gið�jÞ
2dl

� �

or � giðþjÞ � gið0Þ
dl

� �
ð3Þ

either by double or single displacement by an amount dl
followed by a gradient evaluation:

gið	jÞ ¼ oE
oqi

� �
qj¼qjð0Þ	dl

; j ¼ 1; 2; 3 . . . 3N : ð4Þ

The harmonic vibrational frequencies, {mi}, of mole-
cule A are obtained by

mi ¼
k1=2
i

2p

 !
; ð5Þ

where {ki} are the eigenvalues of the mass-weighted
Hessian (K¢),

K 0
ij ¼

1ffiffiffiffiffiffiffiffiffiffimimj
p Kij : ð6Þ

For nonlinear (linear) molecules six (five) frequencies
are zero, since they correspond to rigid rotation and
translation of the entire molecule, motions for which the
energy and gradient are invariant.

In practice, numerical inaccuracy leads to nonzero
translational and rotational eigenvalues. These can be
made identically zero by a projection,

K0P ¼ PK0P
t
; ð7Þ

where P is the projection matrix suggested by Miller
et al. [3].

2.2 The PHVA

Head has proposed a strategy (the PHVA) by which only
the frequencies of part of a chemical system are
computed. For example, the molecule A considered
earlier is divided into two regions, B and C, with n and
N ) n atoms, respectively:

A ¼ Bþ C;

A ¼ Zi; qið0Þ;mif g; i ¼ 1; 2; 3; . . . 3N ;

B ¼ Zi; qið0Þ;mif g; i ¼ 1; 2; 3; . . . 3n;

C ¼ Zi; qið0Þ;mif g; i ¼ 3nþ 1; 3nþ 2; . . . 3N : ð8Þ

In block form, the Hessian can thus be written as

K ¼ KBB KBC

KCB KCC

� �
: ð9Þ

Head considered the case where region B is an
adsorbate and region C is a surface and showed that
diagonalization of only (mass-weighted) KBB yields
reasonable frequencies for methoxy adsorption on Cu
and Al surfaces by comparison with experiment [2]. The
numerical double-difference computation of KBB only
requires 6n gradient evaluations, and since n < N, this
approach results in significant savings of computer time
compared to computing all the frequencies.

2.3 PHVA vibrational enthalpy and entropy changes

The results obtained by Head suggest that the PHVA
method may provide computationally inexpensive enth-
alpy and entropy corrections to a reaction energy,
provided the chemical change is localized (in region B).

Within the harmonic oscillator–rigid rotor approxi-
mation, the free energy of a molecule is given by the
electronic energy (E) plus translational, rotational, and
vibrational enthalphy and entropy,

G¼EþGtransþGrotþGvib

¼EþðHtrans�TStransÞþðHrot�TSrotÞþðHvib�TSvibÞ :
ð10Þ

In our approach Gtrans and Grot are calculated in the
usual way for the entire molecule, in particular the total
molecular mass and moments of inertia are used to
compute Strans and Srot, respectively.

The vibrational enthalpy and entropy should reflect
vibrationalmotionwithinB andmotion of B relative toC.
However, the 3n vibrational modes resulting from the
diagonalization of KBB also contain contributions from
the overall rotation and translation of themolecule as well
as the motion of C relative to B. Both issues can be most
easily dealt with by constructing the following matrix,

K¼
KBB 0

0 Ke
CC

� �
;whereKe

CC¼
e 0 0

0 . .
.

0

0 0 e

0
B@

1
CA e¼10�8au :

ð11Þ
Conceptually, this corresponds to using near-infinite

masses for the atoms in C. The value of e is chosen to
remove spurious imaginary frequencies from numerical
errors due to the numerical second-derivative evaluation.
Upon the usual projection (Eq. 7) and mass-weighting
(Eq. 6), diagonalization yields (for nonlinear molecules)

1. Six zero eigenvalues with modes corresponding to
translational and rotational motion of the entire
molecule.

2. 3(N ) n) ) 6 small (less than 1 cm)1) eigenvalues with
modes corresponding mainly to internal motion
within region C.
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3. Three eigenvalues (typically less than 10 cm)1) with
modes corresponding mainly to motion of region C
relative to region B.

4. 3n ) 3 eigenvalues with modes corresponding mainly
to relative motion of B and C as well as internal
motion within region B.

The vibrational energy of region B (with n atoms) is
calculated by [4]

Hvib ¼ R
X3n�3

i¼1

hmBi
2kB

þ hmBi
kB

1

exp hmBi kBT=ð Þ � 1

� �
;

Svib ¼ R
X3n�3

i¼1

hmBi
kBT

1

exp hmBi kBT=ð Þ � 1

�

� ln 1� exp hmBi kBT=

 �� ��

; ð12Þ

where {mi
B} corresponds to the 3n ) 3 largest eigenvalues

(any imaginary frequencies will reduce this number
further) described in point 4.

This method has been implemented in the June 25,
2001 version of the quantum chemistry program
GAMESS, [5] which was used for all the calculations
reported here.

3 Results and discussion

3.1 Acetic acid

3.1.1 Deprotonation

The methodology outlined in the previous section
is demonstrated for the deprotonation of acetic acid at
the AM1 level of theory (chosen for computational

convenience). The equilibrium geometries of CH3COOH
and CH3COO) were obtained using AM1, and the
vibrational frequencies resulting from a vibrational
analysis of the full Hessian (FHVA), calculated by
double displacement and projected (Eq. 7), are listed in
Table 1. The sums of the translation, rotational, and
vibrational enthalpy (Htrv) and free energy (Gtrv) for
each molecule are listed in Table 2, as are the changes
in these quantities on going from CH3COOH to
CH3COO) (DHtrv and DGtrv).

Next we divide CH3ACOOH and CH3COO) at the
CC bond, and compute the Hessians for only the COOH
and COO) groups. The frequencies resulting from this
PHVA are listed in Table 1, along with the FHVA
reference values for comparison.

First we compare the FHVA and PHVA frequencies
for CH3COOH. Since both Hessians are projected, di-
agonalization yields six zero eigenvalues with modes

Table 1. Restricted Hartree–
Fock/AM1 frequencies (cm)1)
calculated using the partial
Hessian vibrational analysis
(PHVA) for CH3COOH and
CH3COO) and their difference.
Similar values calculated by a
full Hessian vibrational analysis
(FHVA) are given for
comparison

Mode PHVA FHVA

CH3COOH CH3COO) Difference CH3COOH CH3COO) Difference

1 0.00 0.00 0.00 0.00 0.00 0.00
2 0.00 0.00 0.00 0.00 0.00 0.00
3 0.00 0.00 0.00 0.00 0.00 0.00
4 0.00 0.00 0.00 0.00 0.00 0.00
5 0.00 0.00 0.00 0.00 0.00 0.00
6 0.00 0.00 0.00 0.00 0.00 0.00
7 0.51 0.46 0.05 1,364.08 1,388.57 )24.49
8 0.51 0.47 0.04 1,371.39 1,399.29 )27.90
9 0.46 0.47 )0.01 1,412.86 1,401.82 11.04
10 0.47 0.51 )0.04 3,057.82 3,071.74 )13.92
11 0.47 0.51 )0.04 3,068.47 3,077.94 )9.47
12 0.51 0.51 0.00 3,152.09 3,160.45 )8.36
13 4.08 2.72 1.36 62.52 65.55 )3.03
14 7.52 7.76 )0.24 1,039.40 1,029.72 9.68
15 9.82 8.98 0.84 1,073.79 1,041.55 32.24
16 208.43 212.82 )4.39 1,100.29 1,063.42 36.87
17 319.08 344.57 ) 25.49 418.88 453.42 )34.54
18 548.78 548.78 524.10 524.10
19 665.06 701.36 )36.30 592.60 591.87 0.73
20 757.22 787.65 )30.43 570.03 614.63 )44.60
21 1,420.20 1,420.20 1,430.25 1,430.25
22 1,517.04 1,657.29 )140.25 1,549.39 1,663.74 )114.35
23 2,077.02 2,044.77 32.25 2,088.16 2,050.01 38.15
24 3,431.14 3,431.14 3,431.18 3,431.18

Table 2. Thermodynamical translational plus rotational plus
vibrational enthalpies (Htrv) and free energies (Gtrv) of acetic acid
(acid), acetate (base) and intramolecular proton transfer transition
state (TS) computed by the PHVA and the FHVA. The
thermodynamic energy changes for deprotonation (Dbase-acid) and
proton transfer (DTS-acid) were calculated from both the PHVA and
FHVA values, as were the errors of PHVA compared to FHVA
(DDPHVA-FHVA). All values in kcal/mol

PHVA FHVA DDPHVA-FHVA

Htrv Gtrv Htrv Gtrv DDHtrv DDGtrv

Acid 18.87 )0.99 42.52 21.88
Base 11.28 )8.29 34.87 14.55
TS 15.78 )3.83 39.38 18.92
Dbase-acid )7.59 )7.30 )7.65 )7.33 0.06 0.03
DTS-acid )3.09 )2.84 )3.14 )2.96 0.05 0.12
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corresponding to translation and rotation (Fig. 1). The
next six PHVA frequencies fall in the range 0.47–
0.51 cm)1 and correspond mainly to motion of the CH3

group (Fig. 2a). Very similar modes can be found in the
FHVA (Fig. 2b), since they represent orthogonal com-
plements to the KBB eigenvectors and the projection

operator. We note that these FHVA frequencies change
by 8–28 cm)1 on going to CH3COO).1 The next three
PHVA frequencies fall in the range 4.08–9.82 cm)1 and
correspond mainly to motion of the CH3 group relative
to the COOH group (Fig. 3a). Three similar modes
(Fig. 3b) can be found in the FHVA and these corre-
sponding FHVA frequencies change by 3–32 cm)1 on
going to CH3COO). The last nine frequencies (Fig. 4a)
fall in the range 208.43–3,431.14 cm)1. The low-fre-
quency modes correspond in part to relative motion of
the CH3 and COOH groups, while the high-frequency
modes are almost independent of the CH3 group. The
last nine FHVA frequencies are shown in Fig. 4b for
comparison. Most interestingly, the frequencies that are
lost upon deprotonation are generally well reproduced
by the PHVA procedure (within 0–25 cm)1 of the
FHVA results), as are the changes in the remaining
frequencies (the errors in the changes are within 6–
41 cm)1 of the FHVA results).

Of course, the resulting PHVA Htrv and Gtrv for
CH3COOH and CH3COO) (Table 2) differ significantly
from their FHVA counterparts; however, the changes in
these values on going from CH3COOH to CH3COO)

(DHtrv and DGtrv) are reproduced to within 0.06 kcal/mol.
The error is entirely due to the vibrational component,
since the translational and rotational components are
identical in the FHVA and PHVA approaches.

3.1.2 Proton transfer

The PHVA can be applied to transition states (TSs) as
well. The FHVA imaginary frequency and the corre-
sponding normal mode obtained for the proton-transfer
TS within acetic acid are shown in Fig. 5a. The
corresponding PHVA results, which are virtually identi-
cal to the FHVA results, are shown in Fig. 5b. Further-
more, the PHVA activation enthalpy and free energy are
within 0.12 kcal/mol of the FHVA results (Table 2).

3.2 a-Amino tridecanoic acid

Acetic acid was chosen as an initial test case because its
small size allowed the comparison of all the normal
modes in detail. However, in practice the PHVA
analysis will be applied to much larger systems, where
the error may increase owing to the increased number
of low frequencies with delocalized modes. In order
to address this point, we present the PHVA enthalpies
and free energies for deprotonation and intramolecular
proton transfer within a-amino tridecanoic acid (Fig. 6)
relative to their respective FHVA values as a function
of the number of atoms included in the PHVA.

The results for the deprotonation energy (Fig. 7)
show that the error has increased to 0.1–0.2 kcal/mol for
a PHVA including only the COOH group, compared to
acetic acid; however, this is still a relatively small error
compared to the typical error of a reaction energy rela-

Fig. 1. The translational and rotational modes (modes 1–6 in
Table 1) of acetic acid from a partial Hessian vibrational analysis
(PHVA, left) and a full Hessian vibrational analysis (FHVA, right)

1An error of 1 cm)1 results in an error in the zero-point energy of
0.0014 kcal/mol.

4



tive to experiment. The error tends to be slightly larger
for the free energy compared to the enthalpy. As
expected the absolute error decreases as more atoms are
included in the PHVA.

A similar result is obtained for the proton-transfer
activation energy (Fig. 8), although there is an initial
increase in the free-energy error as more atoms are
included in the PHVA. The cause of this 0.16-kcal/mol
error increase is not clear, but can be eliminated by
including more atoms in the PHVA.

In general, we have found that the boundary between
atoms included in and excluded from the PHVA analysis
should be separated from the reaction region by at least
two bonds in order to obtain good enthalpies and free
energies.

3.3 Application of the PHVA within the effective
fragment potential method

As noted by Head, only the atom included in the PHVA
need have zero first energy derivatives so that the PHVA
can be used to obtain frequencies (and now the resulting
enthalpy and free energy corrections) for partially
optimized systems. Here, we pursue this issue within
the context of the effective fragment potential (EFP)
method [6], a hybrid ab initio QM/MM method. An
EFP represents the molecular electrostatic potential by a
distributed multipole expansion [7] (charges through
octupoles at all atomic centers and bond midpoints),
while the electronic polarizability of the protein is
represented by dipole polarizability tensors for each

Fig. 2. a PHVA and b FHVA derived
frequencies of acetic acid corresponding
mainly to internal motion of the CH3 group
(modes 7–12 in Table 1)
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bond or lone-pair orbital [8]. Any covalent ab initio/EFP
boundary is treated by a ‘‘buffer’’ region of frozen
localized molecular orbitals [9] and, in the current
implementation, the Cartesian coordinates of the EFP
and buffer regions are kept fixed while the coordinates of
the ab initio atoms are optimized.

Here we investigate the use of the PHVA in calcu-
lating the enthalpy and free-energy change due to
deprotonation of the lysine NH3

+ group in the tripeptide
GKG. The EFP/buffer/ab initio division (shown in
Fig. 9) and the EFP and buffer construction are per-
formed (at the RHF/MINI [10] level) as described in
Ref. [8].2

Within the original EFP implementation, limited to
noncovalent ab initio/EFP boundaries, each EFP has
six degrees of freedom: rigid translation in the x, y, z
direction and rigid rotation about the x, y, z compo-
nent of the Cartesian unit vector originating at the
EFP center of mass. Thus, there is no internal vibra-
tional motion within an EFP, and in the GKG case
(Fig. 12) the dimensions of KBB and KCC (Eq. 11) are
39 (3 · 13 ab initio atoms) and 21 (3 · 5 buffer atoms
plus six EFP degrees of freedom), respectively.3 The
partial Hessian is constructed for both the protonated
and deprotonated form of the lysine residue (where the
ab initio region is optimized in each case) and used to
compute DHtrv and DGtrv. These values are listed in
Table 3, where they are compared to the FHVA and
PHVA values calculated using an all ab initio de-
scription of GKG at completely optimized geometries.

The all ab initio PHVA values are in error by less than
0.08–0.15 kcal/mol, which is consistent with the a-
amino tridecanoic acid results. The errors for the EFP
values are only slightly larger (0.13–0.21 kcal/mol) and
are certainly satisfactory.

The combined use of the PHVA and EFP methods
thus provides a way of including (localized harmonic)
free-energy changes for QM/MM simulations without
performing molecular dynamics (MD) simulations. In-
deed, Cui and Karplus [11] have developed a method by
which a FHVA can be performed for a QM/MM energy
function and have shown [12] that free energies derived
from these harmonic frequencies yield free-energy bar-
riers for an enzymatic reaction that agree well with ex-
periment. Like any FHVA this necessitates a complete
energy minimization of the system, which can be ex-
pensive for protein-sized systems (though, in general,
much less expensive than a MD simulation). Future
studies will address the degree to which global protein
motion affects various experimental observables, such as
barrier heights and pKa values.

4 Summary and conclusions

The PHVA used previously for the calculation of
vibrational frequencies for adsorbates on surfaces [2]
was extended to the calculation of vibrational enthalpy
and entropy changes for chemical reactions in general.
For deprotonation reactions, full HVA values were
reproduced to within 0.1–0.4 kcal/mol, depending on the
number of atoms included in the PHVA.

Similarly accurate results were obtained by the com-
bined use of the PHVA and the hybrid EFP method [6];
thus, the PHVA method can provide (harmonic) free-

Fig. 3. a PHVA and b FHVA
derived frequencies of acetic
acid corresponding mainly to
motion of the CH3 group
relative to the COOH group
(modes 13–15 in Table 1)

2The MINI basis set is chosen for computational efficiency.
3The total mass of the EFP region is used to mass-weight these six
Hessian components.
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Fig. 4. a PHVA and b FHVA
derived frequencies of acetic acid
corresponding mainly to motion of
the COOH group relative to the
CH3 group and internal motion of
the COOH group (modes 16–24 in
Table 1)
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energy changes for localized chemical reactions in very
large systems that are only partially optimized.

Finally, another, as yet untested but potentially very
practical, application of the PHVA is the location of
transition states. The usual approach is to construct a
guess at the TS geometry, compute a Hessian to deter-
mine the number of imaginary frequencies, and then to
proceed with the TS optimization using the Hessian, or
to construct a new guess if the vibrational analysis shows
no or too many large imaginary frequencies. The PHVA
can be used to quickly check whether the guess geometry
has a promising imaginary frequency. If so, a full Hes-
sian can be calculated or the use of the partial Hessian in
the optimization of the TS can be tried. Future studies
will address this issue.
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