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Ring

Definition. A ring R is a set together with
two binary operations addition and multipli-
cation that satisfy the following:

1. Va,b,ce R,(a+b)+c=a+ (b+ ¢)

2. 40 € R such thatVae R,a4+0=04a=a

3. YVa € R,3—a € R such thata+(—a) = (—a)4+a =0

4. Ya,be R,a+b=b+4a

5. Va,b,c € R,a(bc) = (ab)c

6. Va,b,c € R,(a+b)c = ac+bc and a(b+c) = ab+ac



Examples of Rings

Z,, the integers

Q, R, and C

The set of all n x n matrices, Mn(R),
where R is a ring

The set of all upper triangular n x n ma-
trices with entries from a ring R



Homomorphism and Isomorphism

Definition. Let R and S be two rings and let
f be a map from R toS. f: R— S is a
ring homomorphism ifVa,b e R, f(a+b) =
f(a) + f(b) and f(ab) = f(a)f(b).

Definition. A ring homomorphism which is
one-to-one and onto is called a ring iIsomor-
phism.



Quivers

Definition. A quiver is a directed graph (Q =
(Qp,Q1,s,e) Where Qg is the set of vertices,
Q1 Is the set of arrows, and s : Q1 — Qo
and e: Q1 — Qo are maps.

Given an arrow o € Q1 with a : @ — 3 for
1,7 € Qo. Then s and e are defined s.t.
s(a) =1 and e(a) = 4, i.e. s(a) is the vertex
where « starts and e(«) is the vertex where
a terminates.

Note: A quiver is said to be finite provided
Qo and @1 are both finite sets.



Examples of Quivers
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Paths

Definition. A path in a quiver @) is either
an ordered sequence of arrows p = aq - - -
ap_10m With e(oy) = s(ayg1)forl <t <mn or
the symbol e; for i € Qp.

The paths e;, 1 € Qo are called the trivial
paths. We define s(e;) = e(e;) = 7, and we
say e; has length zero. For a nontrivial path
p=ai---ap_10an, s(p) = s(a1) and e(p) =
e(an), and the length of p is n.



Examples of Paths

Let Qo be the quiver below.
X
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e1, €2, «, and @ are the paths in @Q».

Let Q4 be the quiver below.
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e1, e3, «, v, @d, and B~y are examples of
paths in Q4.



Path Algebras

Definition. Let k£ be a field. The path alge-
bra k() of the quiver () is defined to be the
k-vector space with basis the set of all paths
in Q. The product of two paths is taken to
be composition if it exists and zero otherwise.

Example of path multiplication
Consider the quiver below:
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then (e1)(a) = «, but (a)(e;) = 0. Also
(8)(a) =0, but (a)(B) = apf.



Examples of Path Algebras

1)Let k be a field and Q1 be the quiver below.
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Then {eq,en,e3,a,0,a} is a k basis for the
path algebra k@1 over k.

2)Let k be a field and Q> be the quiver below.
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Then {eq,ep,a, 8} is a k basis for the path
algebra kQ)> over k.



Examples of Path Algebras (cont.)

3)Let k£ be a field and @3 be the quiver below.

Then {eq,ep,e3,a,3,v, a6} is a k basis for the
path algebra kQ3 over k.

4)Let k be a field and Q4 be the quiver below.
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Then {61762763705757’7757:“70457 a’Y)ﬁé)ﬁ’y} IS a
k basis for the path algebra kQ)4 over k.



Adjacency Matrices

Definition. For a quiver with n vertices, the
adjacency matrix AQ IS an nxXn matrix such
that the (i, )" entry is the number of arrows
from 1 to 3, where v and j are vertices.

Theorem. In A%, the (i, )" entry is the num-
ber of paths of length n between vertices 1
and j.

Proof. See Theorem 12.168 from Graph The-
ory Workshop Notes, Summer 2007 edition.

]



Theorem. Let Q be a quiver with n vertices,
ifA"é contains a nonzero entry, then the path
algebra k() is infinite.

Proof. From the above theorem, we know
that A"g? is the number of paths of length n
in Q. If Q has no oriented cycles then the
maximum path length between any two ver-
ticesisn—1. Therefore, if there is a nonzero
element in Ag there must be an oriented cy-
cle. This will make the path algebra infinite
dimensional. ]



Matrix Representation of Path Algebras

Let £ be a field and @)1 the quiver below.
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Theorem. kQQ1 = M where M is the set of
upper triangular 3 x 3 matrices with entries
in k.

Proof. Let f: kQQ1 — M such that

a1 a4 ag
aire1 + azez +azes +asa+asB+asaB—— |0 az as
O O a3

Let £ = a1e1 +asenr+azez+agsa+asB+agas
and y = biej +boep +bzez +baa+ b0+ bgaS.



e f is a homomorphism

ai a4 ae b1 bs bg
f(x)+ f(y) = |0 a2 as|+|0 b2 bs|=
0 0] as 0 0 b3
a1+ b1 asz+ ba a6+b6
0 az+b2 as+bs| = f(x+y).
0 0  az+bs
air a4 ae b1 ba bs
f@)f(y) = |0 a> as| |0 b2 bs
O O as O O b3
aibi  aibas 4 asbo  aibs 4 asbs + aebs
= 0 CLQbQ CL2b5 —|- a5b3 — f(.CIZy)
0 0 azbs

e f is one-to-one

Let z,y € kQq1 such that f(x) = f(y).
Thus,

(a1 a4 ag| [b1 ba bg
0 ap ag|=|0 by bsl|.
0 0 a3| |0 0O b3

Thus a1 = b1, ap = by, a3 = b3, ag = bg4,
ag = b5, and ag =— b6-



e f is onto

Let s € M be arbitrary.

(51 s4 sg
Then s= |0 s> sg| wWhere s; € kV q.

0 0 s3

Every element of k()1 is of the form a1e1+
ares + azez + aga + agB + agaB where
a; € k. So there is an a € k@1 : a =
s1e1 + soes + sze3z + sgaa+ s50 + sga8 and

f(a) = s. Therefore f is onto. [



Theorem. T he quiver of Dynkin Diagram form
Ay, has path algebra isomorphic to M, the
n X n upper triangular matrices with entries
in k.

Proof. Let ()n be the quiver of Dynkin Di-
agram form A,. Thus, @Qn has n(n —1)/2
non-trivial paths. Therefore (), has a basis
with n +n(n —1)/2 = n(n+ 1)/2 elements.
Let f: k@Qn — M such that

aier + -+ anen + apy1p1 + 0 F Apng1)/2Pn(n—1)/2 F—
apr --- Cl’n(n—l—l)/2‘|

o --. an

Proving that f is a homomorphism and that
it is one-to-one and onto is done in a similar
way to that of the previous theorem.

]



Matrix Representations cont.

Let £ be a field and Q> the quiver below.
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|k K2
Let M = 0 k|
Consider f : kQQo — M such that
xr =aje] + arer +aza+ asfB — aol (a3a,2a4)]

Then it can be shown that f is an isomor-
phism.



Matrix Representations cont.

Theorem. Let kK be a field and () be the
quiver with two vertices, labeled 1 and 2, and

n arrows from vertex 1 to vertex 2.

kK" ~
Let M = 0 kI Then, kEQQ = M.

Proof. Let f: kQQ — M such that

ai asz, .., Qnt+>2

It can be shown that f is a ring isomorphism. [



Matrix Representations cont.

Let k£ be a field and Q3 the quiver below.
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Let M = |0 kK £k |. Consider f:kQ3 — M
O 0 &k

such that )

r = ajej+azextazeztagatasf+tagytaral

a1 a4 (ag,a7)
— | 0 ao as . Then it can be shown
0 0 az |

that kQ3 = M.



Matrix Representation

Let £ be a field and Q4 the quiver below.
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Let M = |0 k k°|. Consider f: kQq —
O 0 &k

M such that aie1 + CL2€2 + azesz + asa+ asB + asy +
a7d + agay + agad + a108y + a1180 + aop —

a1 (as4,as,as,a5,0) (as,ag,aio,ai1,a12)
0 an (CL6,CL7,CL6,G,7,0)
0 0 as



Theorem. f is a one-to-one ring homomor-
phism.

Proof:

e f iSs a homomorphism

flx)+ fly) =
_a'l (a47a47a5aa’570) (a’87a’97a107a117a12>_
0 ap (CL6,(Z7,CL6,CL7,0)

| O 0 a3 |
b1 (bg,bs,bs5,b5,0) (bg,bg,b10,b11,012)

+ |0 bo (b6,b7,b6,b7,0)
0 0 b3 |
ap +01 c12 1,3

= 0 ap+by 23 | = f(xz+y),
0 O a3 + b3

where

c12 = (a4 + bs,as 4 ba,as + bs,as + bs,0),
c13 = (ag+bs,a9+bo,a10+b10,a11 +b11,a12+b12),
c23 = (as + be, a7 + bz, a6 + bs, a7 + b7,0).



f(@)f(y) =

a1 (asq,a4,as,as5,0) (ag,ag,a10,a11,a12)]
0 an (CL6,CL7,&6,CL7,0)
| O 0 a3 |
bl (b47b4ab57b570) (b87b9ab107b117612)
0 bo (be, b7, be,b7,0)
0 0 b3 |
aiby c12 c13
= 0 aQbQ 23| = f(a:'y), where
| O 0O a3zbs

c12 = (a1ba+aabo,a1ba+aabo, a1bs+asbz, a1bs+asbz, 0),
c1,3 = (a1bg+asbs+agbs, a1bg+asbr+agbsz, a1bio+asbs+
a10b3, a1bi1 + asbr + a11b3, a1b12 + a12b3),

c2,3 = (asbg+aebsz, axbr+arbs, asbe+aebs, asbr+azbs, 0).



e f is one-to-one Let z,y € kQ4 such that
f(z) = f(y). Let z = ajer + azexr +
aze3z + aga + asf + agy + a7d + agay +
agad + a1p0By + a1186 + ajop and y =
bie1+boes+bzez+baa+b50+bgy+b70 +
bgay + bgad +b10B7 +b1186 +biop. Since
f(x) = f(y), we have that

a1 (as,as,as,as,0) (ag,ag,a10,a11,a12)
0 a (G6,CL7,CL6,CL7,0)
| O 0 a3 |
b1 (ba,bs,b5,b5,0) (bg,bo,b10,b11,b12)
0 b2 (667b7ab6ab770)
_O 0 b3 |

Thus a; = bz', Y1

[]

The above shows that kQ4 is isomorphic to a
subring of M, and it can easily be shown that
'k k2 kP
this subring is isomorphic to |0 k k2| .
0 0 k|




Future Work

For our future research, we would like to ex-
plore and understand the connection between
the concrete method of finding matrix rep-
resentations for path algebras that we have
discovered and the following theorem.

Theorem. Let R = kQ for a quiver () where
@ Is finite and has no oriented cycles. Then
R is isomorphic to the following matrix:

K 1K 1Kn
_O K -

where ;K; = ®&yyK and ~ runs through all
oriented paths from to 3. The multiplication
is given by K — K-bilinear maps c;j; : ;K;®
jKt — ;K4 Iinduced by the multiplication in
R.



Thank Youlll



